We discover a fundamental mechanism for the sharp increase in the di usion rate of the motion of a charged particle in a uniform magnetic eld when a time-periodic electric-eld propagating orthogonally to the magnetic eld is slightly tilted. It is associated with the degeneracies of the underlying motion; in fact, a two-degree of freedom mechanism of instability induces this behavior. Unfolding of this degeneracy enables the analysis of the separatrix splitting in some limits, giving a power-law rather than the typical exponential estimate of the splitting.
Introduction
The motion of a particle in a unidirectional magnetic eld and a eld of an in nitely broad electrostatic propagating wave packet has been suggested as a fundamental model for understanding the motion of charged particles in plasma 1, 2, 3]. The particle motion is two dimensional when the wave packet propagates orthogonally to the magnetic eld and is three dimensional in the oblique propagation case. The resulting motion can be modeled by a symplectic mapping -two-dimensional for the transverse case and fourdimensional for the oblique case. If the magnetic eld is uniform and a resonance condition between the Larmor frequency and the wave packet frequency is satis ed, a surprising phenomena occurs; an in nite stochastic web emerges, leading to the existence of unbounded motion of the particle 4, 3] .
In the two-dimensional case, the width of the stochastic web is known to be asymptotically exponentially small in the non-dimensional parameter K 4, 5, 6, 7] (K is proportional to the amplitude of the transverse component of the electrostatic wave). Thus the probability of a particle to belong to the instability zone is exponentially small in K.
It has been numerically observed that even the slightest inclusion of an oblique component of the electrostatic wave to the model (resulting in a fourdimensional symplectic map) leads to a sharp increase of the di usion rate and of the measure of the chaotic component of the phase space 3]. One may speculate that this phenomena is simply associated with the addition of another degree of freedom to the system. Here, we show that in this case the degeneracies of the model, which seems to be associated with its symmetries, play a crucial role in creating these new instabilities. Picking a speci c limit for the degeneracy's unfolding parameters as a function of the small parameter K, enables to prove polynomial rather then exponential splitting distance. This paper is organized as follows; in section 2 we follow Zaslavsky et al. 3] derivation of the equations of motion, concentrating on the four-fold symmetric case. Then, we suggest a new model which includes two new unfolding parameters, A and . We examine the qualitative behavior of the system -its symmetries and the structure of the energy surfaces as these parameters are varied. In section 3 we describe the behavior of the system in the limit of fast Larmor rotation, nd the solutions of the integrable limit, de ne the splitting integral and estimate it for = 0 in the limit of small A and small K so that averaging may be utilized. Section 4 is devoted to conclusions and discussion.
The equations of motion
The equations of motion of a particle with charge Q and mass m in the three dimensional space under the in uence of a constant magnetic eld and a time-periodic electric eld corresponds to a 3 : (2.4 ) where x c is the coordinate of the center of the cyclotron orbit 8]. Note that if k z 6 = 0 this constant can be set to 0 by a corresponding shift in z: setting x = x ? x c =k x and z = z + x c =k z corresponds to taking x c = 0 without changing the equations of motion (however, see 8, 9, 7] for the non-trivial in uence of x c when k z = 0).
The existence of the conserved quantity enables to reduce the number of degrees of freedom by 1. Thus, this model corresponds to a 2:5 d.o.f. (t ? nT); (2.5) where p x ; p z are kinetic momenta and 0 = E 0x =k x is the amplitude of the electric potential. De ning the dimensionless variables (u; v; w; Z) by u = k x _ x=! 0 ; v = ?k x x; Z = k z z; w = k z _ z=! 0 ; (2.6) the Poincar e map corresponding to the ow of the Hamiltonian (2.5) can be written as follows:
u n+1 = v n sin + (u n + K sin(v n ? Z n )) cos v n+1 = v n cos ? (u n + K sin(v n ? Z n )) sin Z n+1 = Z n + w n+1 =2 w n+1 = w n + K 2 sin(v n ? Z n );
where the cross section is chosen at nT ? 0, and
If the resonant condition between the eigenfrequency ! 0 and the frequency of the perturbation is satis ed, i.e. = 2 =q, where q is some integer, then the map (2.7) generates an in nite stochastic web in phase space. Zaslavsky et al. 3] analyzed in details the mapping (2.7). A resonant Hamiltonian was obtained by reordering the in nite sum of the functions in tuples of q, corresponding heuristically to some averaging procedures. Then, the resulting Hamiltonian was separated into a mean time-independent part and a time-dependent perturbation.
One of the most interesting cases, which will be considered henceforth, is the case of the fourfold symmetry, when q = 4. In this case, the heuristically derived mean Hamiltonian was found to be integrable 3]. For q = 4, (2.7) has the form The parameter , which couples the (u; v) dynamics to the (Z; w) dynamics, plays a critical role in determining the di usion rate in the u; v plane 3]; Even very small values lead to a vast increase in the instability (hence \di usion") of the particles motion.
In section 3.1, it is shown that the map (2.9) is highly degenerate in the limit of small K. We introduce two parameters which unfold the degeneracy and break some of the symmetries of the map (see also the discussion section). Based on this mathematical considerations, we suggest a new model, in which we add a second electrostatic wave, E 1 , which is parallel to the magnetic eld B, so that (2.2) changes to:
(t ? nT); (2.10) Here plays the role of the phase shift introduced by the initial cyclotron center position x c , = x c = , and here it cannot be omitted by translation of z (see remark after (2.4) which introduces a 2 shift in v: in the new variables the right hand side of the second equation of the map (2.12) has an additional +2 term. Introducing a nonzero A breaks the shift symmetry (2.14) and introducing a nonzero breaks the Z 2 symmetry (2.13). In the analysis, we consider the unfolding with respect to A, taking = 0. We leave the detailed (and, as will be apparent later on, the more complicated) analysis of the in uence of the unfolding with respect to to future research. For asymptotically small K there are various limits and cases for which the mapping (2.12) may be analyzed; First, if = 0 and w = 0, (2.12) reduces to 1:5 d.o.f. system corresponding to a transverse propagation of the wave, where the initial value of Z plays the role of the cyclotron center. In 7] we have carefully analyzed the structure and properties of the stochastic web for a general xed Z (x c in 7]), showing that the reduced system depends very sensitively on the value of Z. In the rest of this paper the last case will be analyzed. The resulting approximating ow will be considered as some perturbation of an integrable 2 d.o.f. Hamiltonian system. Analysis of the energy surfaces reveals peculiarities and degeneracies of the unperturbed motion. Further, Melnikov-type analysis for the limiting ow and averaging results in estimates for the separatrix splittings. where Z is taken mod 2 .
The limiting ow and its degeneracies.
The mapping (3.3) is a near-identity analytic mapping, which, in the limit of asymptotically small K and , can be approximated by a ow of the following autonomous Hamiltonian
with the corresponding Hamiltonian equations:
Note that W and Z are not canonical variables as the scaling factor =K is included in the above equations, i.e. in the corresponding non-canonical Poisson brackets. We believe the expression (3.5) corresponds to the rigorous limiting ow which is realized in the singular limit K; ! 0. Namely, that there exists a ow for which the time-1 map is given by (3.3) to order K ; K 2 , and (3.5) is the leading order approximation to this ow. Moreover, normally hyperbolic sets of the ow and their local stable and unstable manifolds persist and are C r close (for C r mapping) to the corresponding sets and manifolds of the mapping (see 10] for the exact formulation in the twodimensional case). Heuristically, (3.4) corresponds to the Hamiltonian (2.11) expressed in dimensionless variables (2.6) and averaged over the period of the cyclotron rotation; thus it can be called the mean Hamiltonian, and indeed, for A = = 0 it coincides with the mean Hamiltonian found in 3].
The Hamiltonian system (3.5) is integrable and possesses a second integral of motion C(u; v) = cos u + cos v. In fact, the solutions to (3.5) may be explicitly calculated. Notice that the equations in the (Z; W) plane depend on (u; v) only through C = C(u; v), and they may be expressed in terms of the solutions of the pendulum equations. For future calculations, notice that , the average of cos(Z(t)) over one rotational period T 0 is given by: (3.12) where K; E are the complete elliptic integral of the rst/second kind. For 6 = =2; < 1, is monotonically decreasing with : for large W 0 (namely ! 0) ( ) tends to zero, whereas near the separatrices ( ! 1) it approaches ?1. , is expected to destroy the conservation of the second integral C(u; v). Hence, the resonant structure which appears at C = ?2A and the sudden changes in the structure of the integrable Hamiltonian ow for nearby C's is expected to become signi cant under these perturbations. Introducing the parameters A and employs the standard tool for understanding the behavior near such sudden changes in phase space; Using the \unfolding parameters", the corresponding families of systems may be analyzed by standard tools, producing information regarding the singular system in the appropriately chosen limits.
From the above considerations, it follows that the role of in the unfolding is of crucial importance in the vicinity of the pendulum separatrices and near the pendulum's oscillatory orbits. In what follows, we analyze only the behavior for rotational orbits which are bounded away from the pendulum separatrices, for which the role of seems to be insigni cant. Generally, the analysis for 6 = 0 is expected to be more delicate; rst, the limit as A ! 0 of the oscillatory orbits is singular as they cease to exist in this limit.
Second, the e ect of is introduced to the approximating Hamiltonian ow only through O(K 2 ) terms, whereas O(K; K ) are su cient for unfolding the dependence on A. Thus, we henceforth set to zero. Then = 0; = C+2A and Z; W; g(t; t 0 ; W 0 ; = 0) Z; W; g(t; t 0 ; W 0 ).
Perturbations and separatrix splittings.
In the previous section we have found the explicit solutions of the limiting ow (3.5) which is completely integrable. Here we analyze the in uence of the next order terms on the heteroclinic solutions to speci c invariant circles of the unperturbed ow. More precisely, we notice that the hyperbolic xed points of the web in the (u; v) plane correspond to one-parameter families of invariant circles of the four-dimensional phase-space: C(W 0 ; n; m) = f(u; v; Z; W)j(u; v; Z; W) = (n ; m ; Z(t; 0; W 0 ); W(t; 0; W 0 )); n + m = 2`+ 1; t 2 0; T 0 (W 0 )]g, where (Z(t; 0; W 0 ); W(t; 0; W 0 )) are given by (3.9) with = 2A; = 0, and T 0 (W 0 ) by (3.11). W 0 is the parameter which distinguishes between the di erent circles belonging to the family. These circles are normally hyperbolic on the three dimensional energy surface provided ( ) 6 = 0 (see (3.12)), since this condition implies that their Flouqet multipliers are of hyperbolic nature. Thus, for 6 = 0, these invariant circles and their two dimensional stable and unstable manifolds persist under small perturbations. For the integrable ow (3.5), these manifolds coincide -the solutions q 0 (t; t 0 ; W 0 ) = (Z(t; t 0 ; W 0 ); W(t; t 0 ; W 0 ); u(t; t 0 ; W 0 )); v(t; t 0 ; W 0 ))) of (3.9) and (3.14) parameterized by (t; t 0 ; W 0 ) span these manifolds: t parameterizes the motion along the solutions, t 0 parameterizes the initial phase in Z and W 0 labels the invariant circle and thus the energy surface. The case t 0 = 0 corresponds to the symmetric solutions for which W; sin(u); sin(v) are even functions of t whereas Z; cos(u); cos(v) are odd functions of t. From general principles, we expect that the manifolds will split and in fact intersect transversely when higher order terms are added. The rest of this paper is dedicated to proving such an assertion, and moreover, to estimate the splitting distance.
Before embarking into the calculations we describe the general strategy. To nd the splitting distance we rst nd the higher order terms (expanding in powers of K; ) of the fourth iterate of the mapping, from which we obtain, in the limit, the perturbation to the the integrable ow. We discuss the delicate nature of this step below. Then, we measure C(t 0 ; W 0 ), the di erence between the values of the unperturbed rst integral C(u; v) on the stable and unstable manifolds near the point q 0 (0; t 0 ; W 0 ). If C has simple zeroes in t 0 , it implies that the stable and unstable manifolds of the invariant circle corresponding to W 0 intersect transversely, see 11, 12] . In fact, C(t 0 ; W 0 ) measures the component of the distance between q s (0; t 0 ; W 0 ) and q u (0; t 0 ; W 0 ) in the rC direction. C is found by integrating _ C along the stable and unstable manifolds, using the rst variational equations for the perturbed solutions q s ; q u , 12]. Such a Melnikov type calculation gives a complicated integral, which depends on (t 0 ; W 0 ) in a non-trivial way, see (3.18) below (though it is easy to observe that the symmetric solutions produce zeroes of this integral). In the special limit in which some terms may be considered as fast oscillating (which, as shown in the appendix, corresponds to the limit in which averaging w.r.t. the motion in the (Z; W) plane is legitimate) it is possible to estimate this integral. Such an estimate produces a \leading order" term (in powers of K; ) which has an exponentially small factor in p K. This problematic phenomenon is not surprising -it is the usual consistency problem one encounters in applying simple-minded perturbational method to the singular problem of rapid oscillating forcing (see 13, 14] and 10, 15] and references therein). However, it is shown here, that by taking a special limit in A, it is possible to eliminate the exponentially small dependence on K. Then, in this limit, the expansion in K; is a valid asymptotic expansion, and the results prove that in this limit C is polynomial in K. It follows from the form of C that this implies that the distance between q s ; q u projected to the u; v plane must be polynomial in K.
We begin the analysis by nding the higher order terms in the expansion for F 4 4 , and consider the resulting limiting ow as K ! 0. The next order terms in K; are proportional to K in the equations for u; v and to 2 in the equations for W; Z. In general, one would hope to obtain, to any given order in the expansion, a symplectic map with a natural limiting Hamiltonian ow. However, straight forward expansion does not produce here a symplectic map to order K : while the K terms which appear in the equations for u; v are of the form ( . Notice that there exists some freedom in the expansion since in the limiting ow there is no di erence between q n and q n+1 , whereas for the mapping expansion such di erences change higher order terms, and thus the symplectic nature of the equations. Henceforth, we assume that it is also possible to rearrange the equations, without changing the terms in the (u; v) direction, so that the limiting equations are Hamiltonian to order be apparent below, their explicit form is not important. Now, we nd C by integrating _ C along the stable and unstable solutions of the perturbed ow. By the stable and unstable manifold theorem it follows that q u (t; t 0 ; W 0 ) = q 0 (t; t 0 ; W 0 ) + O( ) on the semi-in nite time interval (?1; 0) and similarly for q s (t; t 0 ; W 0 ). Since C is an integral of the unperturbed ow, it follows that C(t 0 ; W 0 ) = We have established that in the fast Larmor rotation limit with unbounded motion in the longitudinal direction (i.e. rotary motion in Z), one mechanism which causes a substantial increase in the di usion due to a longitudinal component is a degeneracy of the underlying motion. To analyze this behavior, we have constructed a limiting ow in the small K limit and found it corresponds to a highly degenerate 2 d.o.f. system; The phase space for zero values of two integrals of motion is given by a direct product of an in nite web and a circle of xed points. Unfolding this degenerate structure and then analyzing the unfolded system in speci c limits, using the Melnikov technique, enabled us to prove that the separatrix splitting becomes polynomially and not exponentially small in the perturbation parameter K. This shows that one mechanism for the observed strong instability stems from a degenerate 2 d.o.f. mechanism, and is not governed by higher dimensional phenomena such as Arnold di usion.
Note that a rigorous connection between near-identity symplectic maps and their limiting ows has been established only in the two-dimensional setting 10] and in special volume preserving maps 15]. Nonetheless, we have assumed in our analysis that a similar connection may be established in the higher dimensional case, and moreover that the symplectic structure of the mappings induces, in the limit, Hamiltonian ows. Proving such an assertion and nding an algorithm which produces such Hamiltonian ows is an interesting open problem.
Preliminary numerical experiments seem to con rm the observation that the instability in is far more signi cant in the degenerate case (i.e. when A = = 0) than it is for non-degenerate systems (A; = O(1)). Quantitative study of this phenomena is yet to be performed.
Finally, we note that the four-dimensional mapping system is very complex and rich. Other limits (e.g. 6 = 0, or W 0 1) and di erent symmetries (i.e. q 6 = 4) are left for future studies. Especially interesting is the singular limiting behavior of the oscillatory orbits of the pendulum in the limit A ! 0.
While analyzing only one limiting case is a modest achievement in the era of computer simulations, the signi cance of the analysis lies in revealing a new mechanism for the instability of 4D symplectic maps which stems from a new mechanism of instability of a two-degree-of-freedom Hamiltonian system. Further, the general theme which emerges from this and other studies 16, 4, 3] , is that the symmetries, which are only slightly broken in nature, are associated with degeneracies which are responsible for many of the strong instabilities which are observed in low dimensional systems. Thus, a fundamental study of the implications of symmetries on the emerging degeneracies of the energy surfaces is needed.
A The averaged motion.
on the n th step of the averaging, C(u; v) is conserved to order K n=2 and thus equations (A.6) are essentially correct at any order of the averaging: the term is replaced by a power series in p K with the leading order term (3.12), and the error term (O(K)) is replaced by an error of O(K (n+1)=2 ). Thus, for j j > O( p K), the diamond web is approached asymptotically, with errors which can be made as small as needed in K. Given the above arguments, the leading order term of the averaged ow may be substituted in (3.18) , producing, to leading order, the same results as in (3.22 ).
